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4

Sets, relations, functions, logic

*D

Which of the following propositional formulas
is semantically equivalent to the formula
A= =(BA-C)?

(Symbols A, B, and C denote distinct proposi-
tional variables.)

AV (=BVC)
-AV (BV-C)
AV (BVC)
-AV (=BVC(C)

—“AAN(=BV(C)

@ Let A and B be arbitrary sets, each containing
three elements. What is the number of maps
f: A — B that are bijective?

Mg OW»
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Consider the following unary functions on
the set of rational numbers: f(z) = = + 1,
g(z) = 3z, h(x) = x2. Define the function k as
fogoho f, where o denotes the composition
of functions. Which of the following values is
equal to k(1)?

38
37
13
15
17

NS OwW»

Consider the equivalence relation on the set
of integers such that a number a is related
to a number b if and only if (ja| = [b] A |a] <
2)V (la| > 2 A |b| > 2). How many equivalence
classes does this relation have?

2
5
infinitely many
6
4

Suppose that all variables are interpreted as
elements of a set A and the binary predicate
symbol R is interpreted as an ordering rela-
tion < on the set A. Which of the following
predicate formulas is true if and only if the
relation < has at least one maximal element?

A FzVy(R(y,z))

B JazVy(z=yV-R(y,z))
C Vaedy(z=yV-R(z,y))
*D oWy (z =y V -R(z,y))

E Vzdy(z=yV-R(yz))

@ Let A and B be arbitrary finite sets. Which of
the following claims is generally valid? (Here
|A| denotes the number of elements in the set
A and A x B denotes the Cartesian product of
sets A and B.)

A |A|<|B|=ACB
B |AUB|=|A|+|B|
*C |Ax B|=|4|-|B|
D A#B=|Al#|B|

E |Al < |AUB|
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*D

Consider the following matrix and its inverse

3 1 2 air X a3
A=19 2 5 , Al = as; Y ass | -
4 1 2 azr az2 ass

Compute the value X + Y.

The matrix A~! does not exist.

*A

The product of the given matrices is not de-
fined.

@ Consider the following system of equations

*E

over R:
r+ 3y+ z= 5,

3r— 2y—4z= 1,
22+ 17Ty + 9z = 26.

Which of the following statements is true?

The system has exactly one solution.

The system has infinitely many solutions and
all solutions form a line in R?.

The system has infinitely many solutions and
all solutions form a plane in R>.

All points of R? are solutions of the given sys-
tem.
The system has no solution.

Consider the vector (—3,2,4) in the basis

*E

[u,v,w], where u,v,w € R3. Find its coor-
dinates in the basis [w, u, 2v].

(—3,2,8)

(4,-3,4)

(—3,2,4)

(—3,2,2)

(4,-3,1)

A

*B

C

D

E

Which of the following maps of the type

R? — R is linear?

f(@,y) = 22 + 3y
flz,y) = 2%+ 3y
fla,y) = (2z + 3y)?
fz,y) =2y

flx,y) = 22% + 3y?

Calculus
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Compute

E

the wvalue of the integral
/ xsin x dx.
0
0
T+ 2
s
-7
-+ 2

An excavator is moving along a straight line.

*C

Its position in the time ¢ € [0, 10] is given as
f(t) =2t — 21¢2 + 60t — 41.

Find the least time ¢ € (0,10) when the exca-
vator stops.

The excavator does not stop at any time ¢ &€
(0, 10).

t=5
t=2
t:19—4\/§
t=1

The function f: R — R given by the formula

Mg OwWp

f(z) = sin(2?) is:

odd
surjective
injective
even
periodic

Compute the value of the limit lim,_,q

*A

271

—.
(The function In x is the natural logarithm of
x.)

In2

_
:‘H
|3V

log, e

*E

Let f: R — R be a continuous function such
that f(0) = f(10) = 10. Which of the following
statements about f is generally valid?

There exists z € (0,10) such that f(x¢) = 10.

If f has a first derivative on the interval [0, 10]
then it has a global minimum on [0, 10].

There exists g € R such that f has a global
extremum at x.

The function f(z) has a finite first derivative
forall z € R.

If f has a finite first derivative on the interval
[0,10] then there exists xy € [0,10] such that

f(xg) = 0.

Graph theory
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Consider the following directed graph:

*B

/j
—

Decide which of the following sequences can
be a sequence in which elements are discov-
ered during the breadth-first traversal of the
given graph from the element a. (We do not
suppose any particular ordering of vertices of
the graph. The order in which the algorithm
discovers new vertices is thus not unique.)

a,b,c,d e, f
a,e,b,d,c, f
a,b,d,e, f,c
a,b,d,c e, f

a’7b7e7c7f7d

What is the least number of edges that a con-

*E

nected undirected graph with n vertices can
have forn > 1?

2n

What is the number of all non-isomorphic undi-

*B

rected graphs on 4 vertices?

10

12

Let G be an arbitrary directed weighted graph
with non-negative weights of edges. For an
arbitrary pair of vertices v and v of the graph
G denote as d(u,v) the length of a shortest
path (with respect to the sum of edge weights)
from the vertex u to the vertex v. If the path
does not exist, let §(u,v) = co. Which of the
following claims holds for arbitrary vertices
u, v, w of the graph G?

d(u,w) > 6(u,v) + d(v, w)
d(u, w) = 0(u,v) 4+ 6(v,w)
O(u, w) < 6(u,v) + (v, w)

d(u, w) = 0(u,v) + d(v,w) — 1

O(u,w) = o(w,u)
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Consider the following undirected graph G

with given weights of edges:

What is the weight (with respect to the sum
of edge weights) of an arbitrary minimal span-
ning tree of the graph G?

A 13
B 5
c 9
D 7
*E 11
Probability

Let us roll a die two times independently in

*A

succession. Compute the conditional proba-
bility of the second number rolled being 4, as-
suming that the first number rolled is smaller
than the second one.

o= =

(S]]

=

o

Consider the data set 1,1,2,2,2,4,8,8, 7, 1.

What is the value of x for which the mean
of this data set is equal to 4?

W OO

~

Consider a random variable X being equal

*B

to the value of a random roll of a die. Com-
pute the variance of the random variable
Y =2X +1.

47
12

*B

During an exam, a student draws 2 questions
out of 10. The probability of drawing each of
the questions is the same. What is the prob-
ability that the student will draw at least one
question that she cannot answer, if she can
answer 7 of the questions.

o




